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Abstract. Starting with an adjoint pair of operators, under suitable abstract versions of standard 
PDE hypotheses, we consider the Weyl M-function of extensions of the operators. The extensions are 
determined by abstract boundary conditions and we establish results on the relationship between the 
M-function as an analytic function of a spectral parameter and the spectrum of the extension. We 
also give an example where the M-function does not contain the whole spectral information of the 
resolvent, and show that the results can be applied to elliptic PDEs where the M-function corresponds 
to the Dirichlet to Neumann map. 



1. Introduction 

The theory of boundary value spaces associated with symmetric operators has its origins in the work 
of Kocubei [T7] and Gorbachuk and Gorbachuk [T3] and has been the subject of intense activity in 
the former Soviet Union, with major contributions from many authors. While we cannot undertake 
a comprehensive survey of the literature here, we recommend that the reader consult the works of 
Derkach and Malamud who developed the theory of the Weyl- M-function in the context of boundary 
value spaces (e.g. [TU1 [TT]); the work of V.A. Mikhailets (e.g. the very elegant application of the theory 
of boundary value spaces by Mikhailets and Sobolev [28] to the common eigenvalue problem for periodic 
Schrodinger operators); the work of Kuzhel and Kuzhel (e.g. [HIEQ]); the work of Brasche, Malamud 
and Neidhardt (e.g. [7]); the work of Storozh (in particular, [34]) and the recent work of Kopachevskii 
and Krem [TS] and Ryzhov 33J on abstract Green's formulae, again Ryzhov [32] on functional models 
and Posilicano [31j characterising extensions and giving some applications to PDEs. 

Adjoint pairs of second order elliptic operators, their extensions and boundary value problems were 
studied in the paper of Vishik [37]. For adjoint pairs of abstract operators, boundary triplets were 
introduced by Vainerman [36) and Lyantze and Storozh |23j . Many of the results proved for the sym- 
metric case, such as characterising extensions of the operators and investigating spectral properties via 
the Weyl- M-function, have subsequently been extended for this situation: see, for instance, Malamud 
and Mogilevski [25] for adjoint pairs of operators, Langer and Textorius [22] and Malamud [24] for 
adjoint pairs of contractions, and Malamud and Mogilevski [26] [27] for adjoint pairs of linear relations. 
For the case of sectorial operators and their M-functions we should mention especially the work of 
Arlinskii [3J (U [5] who uses sesquilinear form methods. The approach using adjoint pairs of operators 
does not require any assumption that the operators be sectorial. The price which must be paid for this 
is that there are other hypotheses (e.g. non-emptiness of the resolvent set of certain operators or, in 
our approach, an abstract unique continuation assumption) which must be verified before this approach 
can be applied. 

In the context of PDEs there has also been extensive work on Dirichlet to Neumann maps, also 
sometimes known as Poincare-Steklov operators, especially in the inverse problems literature. These 
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operators have physical meaning, associating, for instance, a surface current to an applied voltage. For 
some applications of them to quantum networks we refer to recent papers by Pavlov et al. [15] and |30j . 
These maps are, in some sense, the natural PDE realization of the abstract M-function which appears 
in the theory of boundary value spaces. Amrein and Pearson [2] generalised several results from the 
classical Weyl-m-function for the one-dimensional Sturm-Liouville problem to the case of Schrodinger 
operators, calling them M-functions, in particular they were able to show nesting results for families 
of M-functions on exterior domains. However there have been relatively few applications of the theory 
of boundary value spaces to PDEs. A chapter in Gorbachuck and Gorbachuk [T^j deals with a PDE 
on a tubular domain by reduction to a system of ODEs with operator coefficients, and there are some 
papers which deal with special perturbations of PDE problems which result in symmetric operators 
with (crucially) finite deficiency indices, e.g. the very recent paper of Bruning, Geyler and Pankrashkin 
[9] . The case of symmetric operators with infinite deficiency indices is studied by Behrndt and Langer in 
[6] . However for symmetric elliptic PDEs a concrete realization of the boundary value operators whose 
existence is guaranteed by the abstract theory, and a precise description of the relationship between the 
abstract M-function and the classical Dirichlet to Neumann map, requires a technique due to Vishik 
[37] and Grubb |14j in the choice of the boundary value operators which we describe in this paper. 

In this paper we consider the non-symmetric case. Using the setting of boundary triplets from 
Lyantze and Storozh [23], we introduce an M-function and prove the following results: 

i. the relationship between poles of the M-function as an analytic function of a spectral parameter 
and eigenvalues of a corresponding operator determined by abstract boundary conditions, under 
a new abstract unique continuation hypothesis which is natural in the context of PDEs; 

ii. results concerning behaviour of the M-function near the essential spectrum; 

iii. a proof that the M-function does not contain the whole spectral information of the resolvent, 
by consideration of a Hain-Lust problem; 

iv. results concerning the analytic behaviour of Dirichlet to Neumann maps for elliptic PDEs, 
though these have also been obtained recently in a concrete way by F. Gesztesy et al. [12] . 

2. Basic concepts and notation 

Throughout, we will make the following assumptions: 

(1) A and A are closed densely defined operators on a Hilbert space H. 

(2) A and A are an adjoint pair, i.e. A* D A and A* D A. 

(3) Whenever considering D(A*) as a linear space it will be equipped with the graph norm. Since 
A* is closed, this makes D(A*) a Hilbert space. 

Proposition 2.1. (Lyantze, Storozh '83). For each adjoint pair of closed densely defined operators on 
H, there exist "boundary spaces" Ti., K, and "boundary operators" 

Tx:D{A*)^H, T 2 : D{A*) -»■ K, f i : D(A*) -> K and f 2 :D{A*)^H 

such that for u G D(A*) and v G D(A*) we have an abstract Green formula 

(2.1) {A*u, v) H - (u, A*v) H = (Titi, f 2 v) H - {T 2 u, f 1 v) K . 

The boundary operators F±, T 2 , T± and T 2 are bounded with respect to the graph norm and surjective. 
Moreover, we have 

(2.2) D(A) = D(A*) n kerTi n kerT 2 and D(A) = D(A*) n kerf i n kerf 2 . 

The collection {Ti © IC, (Ti, T 2 ), (Ti, T 2 )} is called a boundary triplet for the adjoint pair A, A. 

Proof. The proof in Russian is in |23[ Chapter 4] . For the more general situation of linear relations a 
proof in English can be found in [23 Section 3.2]. □ 

Remark 2.2. Using this setting, in [27j Malamud and Mogilevskii go on to define Weyl M-functions 
and j -fields associated with boundary triplets and to obtain Krein formulae for the resolvents. In the 
same spirit we introduce M-functions and what we call the solution operator. In our setting, these will 
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depend on a parameter given by an operator B G £(/C,7i). To take account of this technical difference 
and to keep this paper as self-contained as possible we will develop the full theory in Sections 2 and 3 
here, noting that similar definitions and results can be found in |27j . 

Definition 2.3. We consider the following extensions of A and A: Let B G C(JC, Ti.) and B G C(T~L, IC) 

and define 

Ab ■= ^*|ker(ri-Br 2 ) and A^ := A*\ kci ^^^y 
In the following, we will always assume p(Ab) ^ 0, in particular Ab will be a closed operator. 
For A G p(Ab), we define the M -function via 

M B (\) : Ran (Ti - BY 2 ) -> JC, M B (X)(T 1 - BT 2 )u = T 2 u for all u G kcr (A* - A) 
and for A G p(A^), we define 

M S (X) : Ran(fi - BT 2 ) -> H, Mg(A)(fi - BT 2 )v = f 2 v for all v G ker (A* - A). 
Lemma 2.4. Ms (A) and Afg(A) are well-defined. 

Proof. We prove the statement for Mb(X). Suppose / G Ran (ri — BT 2 ), then there exists u G 
ker (A* - A) such that (Ti -BT 2 )u = f. To see this, choose any w G D(A*) such that (T 1 -BT 2 )w = f. 
Letu = -(A B -X)- 1 (A*-X)w. Thenu = v+w G ker (A* -A) and (T 1 -BT 2 )(v+w) = (Ti-BT 2 )w = f. 
Now assume (Ti~BT 2 )u = fTi-BI^)?; for some u, v G ker (A* -A). Then u-v G ker (A* - X)nD(A B )- 
As A G p(A B ), there exists w G H such that w — v = (Ab — A) _1 w. Then = (A* - X)(u — v) = 
(A* — A) (Ab — A) _1 ti; = w, so u = v, in particular, I^w = T 2 v. □ 

3. The solution operator 5a, b 

Definition 3.1. For X G p(As), we define the operator <Sa,b '■ Ran(ri — BT 2 ) — » kcr (A* — A) 6y 

(3.1) (I* - A)S A , B / = 0, (r a - BT 2 )S x . B f = f, 

i-e. s XtB = ((ri - sr 2 )| kcr(i ,_ A) ^ 

Lemma 3.2. S\ tB is well-defined for X G p(As). 

Proof. For / G Ran(ri - BT 2 ), choose any w G £>(A*) such that (Ti - BT 2 )w = f. Let v = 
-{A B - X)-\A* - X)w. Then v + w G ker(l* - A) and (ri - BT 2 )(v + w) = (T 1 - BT 2 )w = f, so a 
solution to (|3.ip exists and is given by 



W = (i - (Ab - X)-\A* - A)) w 



for any w G D(A*) such that (Ti - Br 2 )w = /. 

Moreover, the solution to (13. 1|) is unique: Suppose ui and u 2 are two solutions. Then (u\ — u 2 ) G 
ker (A* — A) fl ker (r x - i?r 2 ), so u x - u 2 G L>(Ab) and (A B - A)(u x - u 2 ) = 0. As A G p(Ab), 
U\ = u 2 . □ 

Proposition 3.3. Let f G Ran (ri — BT 2 ). The map from p(As) —>■ H given by X ^ S\.b/ is analytic. 

Proof. Fix Ao G p(As). Now choose w — S\ 0y Bf in the proof of Lemma [3~2l Then 

(3.2) S x , B f = (s Xo , B - (A B - Xy^A* - A)S Ao , B ) / - S X(t , B f + (X - X Q )(A B - X)- x Sx ,Bf, 
which is analytic in A. □ 
Lemma 3.4. Let F := ker (A* - X), E := Ran (T x - BT 2 ) and 

A*u 



H 



, II/II 2 e HI/II« + IISa,b/|| 2 f . 

H 



Then E and F are Hilbert spaces and the operator S\_b with D(S\_b) — E QTi is closed as an operator 
from H to D(A*). 
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Proof. Obviously, || • || ^ and \\-\\ F are norms induced by scalar products. It remains to prove complete- 
ness. Since (A* — A) : D(A*) — > H is continuous, F is a closed subspace of D(A*), hence complete. 

Assume (/ n )neN is a Cauchy sequence in E. Then {f n ) n &i is Cauchy in TL and converges to / 6 TL 
and (S\^Bfn)n£N is Cauchy in F and converges to u 6 F. As Ti — £?r 2 is continuous in the graph norm 
and S^ B : F — > E 1 is given by Ti — £>r 2 , we have 

||(ri-flr a )«-/|| w = Fi-Br 2 )u-Si 1 B Sx,Bfn + fn-f 

< \\r 1 - sr 2 || F ^ w ||u - s x , B f n \\ F + \\f n - f\\ n - 0, 

so (ri - Br 2 )M = /, i.e. / e£ and S x , B f = u. 

Therefore, E is complete and the calculation also proves closedness of Sa,b- □ 

Remark 3.5. As S x , B f G ker(l* - A), we have \\S x , B f\\ F = (1 + |A| 2 ) ||5a,b/||^ so 

Ill/Ills := II/IIh + II^/IIh 

gives an equivalent norm on E. 

Corollary 3.6. 7/Ran(Ti — BT2) — TL, then S X _ B : TL — > D{A*) is continuous. In particular, S x ,o is 
continuous. 

Proof. This follows from the Closed Graph Theorem. See for example [35] Theorem 4.2-1]. □ 

For the case Ran (ri — BT2) = TL, we now want to give a representation of the adjoint of S X , B . We 
start with an abstract result: 

Lemma 3.7. Let M$ C M be a closed subspace of the Hilbert space M and let N be another Hilbert 
space. Suppose T\ : Mo — » N is invertible and T2 ■ M — > N is such that 

(/, h) M = (/, T^T 2 h) M for all f G M , h G M. 

Then T\ = T 2 \m - 

Proof. Let M = M © M X and P : M — > M Q the orthogonal projection. Then we have P = T^ 1 T 2 or 
TxP = T 2 on M. Therefore, T x = T 2 on M . □ 

Theorem 3.8. Assume p{A B ) ^ 0. Then A* B = A B ,. 

Proof. Let u G u £ L>(A S .). Th en ([2T]) implies 

(^4 b w,w)h - (u,A b *v)h = (Txu,T 2 v)n - {T 2 u, f iv)k = {BT 2 u, f 2 v)n - (r 2 u, B*f 2 u) K = 0, 

so A B , C A^. On the other hand, let u G D (A* B ). We need to show (f 1 - B*f 2 )v = 0. Let A G p{A B ) 
and u = {A B - X)^ 1 w for w G Then 

= (Abu, v) - (u, A* B v) = (Txu, T 2 v) n - (T 2 u, T^k. 

= (BT2u,T 2 v)n - (T 2 u,Tiv)ic 
= (T 2 u, (B*f 2 - f i)v) K 

= ((Afl-Aj-Vrs^fa-rOwj^.j 

= («,, ((A B - A)- 1 )* r*(B*f 2 - f i)v) , 

so {{A B — A) -1 )* r 2 (£>*r 2 —T\)v — 0. Since the adjoint of the resolvent is the resolvent of the adjoint, 
T^(B*f 2 - fi)v = 0. Surjectivity of T 2 then gives the result. □ 

Proposition 3.9. Assume Ran (ri — i?r 2 ) = TL and let A G p(A B ). Then the adjoint of S XtB is given 
I'll S; yn : /• • H. 

(3.3) SX B = (1 + |A| 2 ) f 2 [A B , -A)" 1 . 
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Proof. Choose v £ ker (Ti - B*T 2 ), u € kcr (A* - A). Then by JUT 



(u, (^4b» — = [a*u, (w, Ab*«J = ^Txu, — (V 2 u, i?*r 2 u 



(Tx -Br 2 )«,r 2 « 



As Sa,b : W — > F is continuous and continuously inver tible, both S£ B : F ->H and (S^ 1 ,)* : W -> F 

exist and (Sis)" 1 = (S^ B )* G C{H,F). Let u> = 
arbitrary. Now, by the above calculation, 



A)t>. Since A € = p(Ar), w E H is 



(3.4) -(u,«;) H = 



(r x -sr 2 )| kcr(j? ,_ A) 

S->,f 2 (i B , - A) _1 w; 

u,(s^ b )*t 2 (A b * -X^w 
u, (si B )- x f 2 (A B , - J.y 1 w 

«, (Sa.b)" 1 ^^. - A)" 1 ™ 
(l + IAI 2 )^,^)- 1 ^^, 



H 



Therefore, by Lemma 13.71 we have S 



(i + |A| 2 ) r 2 (^ -A)- 



□ 



Remark 3.10. (1) The factor (1 + |A| 2 ) is somewhat artificial and comes from the choice of the 
norm in F . 

(2) Note that since {3.$ only holds for u 6 ker [A* — A), B is not defined on the whole of D(A*). 
Obviously the operator 



is a continuous extension of St a to D(A*) and T* = PI* ,~ , S\ r. Here, PL ,t. 



T:= (1 + |A| 2 ) T 2 (A B * — A) .P| ker (j-„_ A ) 

P 

denotes the orthogonal projection from H onto ker (A* — A). 

4. Isolated eigenvalues and poles of the M-function 

For a number of results in what follows we will require an abstract unique continuation hypothesis. 
We say that the operator A* — A satisfies the unique continuation hypothesis if 

ker (A* - A) n kcr (Tx) n ker (T 2 ) = {0}. 
Similarly, A* — A satisfies the unique continuation hypothesis if 

kcr (A* - A) n kcr (fx) n ker (f 2 ) = {0}. 
Whenever either of these conditions is required, it will be stated explicitly. 

Remark 4.1. Note that these assumptions are satisfied in the PDE case under fairly general conditions 
on the operator and the domain ( c.f. for example [291 Chapter 4\). 

Lemma 4.2. Assume the unique continuation hypothesis holds for A* — A. Then the range of A* — A 
is dense in H . 

Proof. Suppose there exists ip £ H such that (ip,(A* — X)u) = for all u 6 D(A*). This implies 
ip e D(A**) — D{A) and (A - X)tp — 0. The unique continuation hypothesis together with (|2.2[) 
implies ip = 0. □ 

The following definition and Laurent series expansion of the resolvent are standard and can be found 
in [16j . They will be required in a later proof. 
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Proposition 4.3. Let T be a closed operator on a Banach space X , A an isolated point in the spectrum 
of T and V be a closed path in the resolvent set of T separating A from the rest of the spectrum. The 
spectral projection associated with A is defined by 

(4.1) P=-L / R({,T)d{. 

2m J v , 

We also define the eigennilpotent associated with A 

(4.2) D = (T - \)P = J (£ - X)R(C, T)d(, 
and 

(4.3) ^ii^A^m. 

For £ in a neighbourhood of A the Laurent series expansion of the resolvent is given by 

p 00 r~)n 00 

(4-4) i?(C, T) = — + Y: f C _ vjn+i - E(C - ^S n+1 . 

s n=l ^ ' n=0 

Our aim is now to determine the relationship between the behaviour ol the M-lunction Mb as an 
analytic function and isolated eigenvalues of the operator As- 

Theorem 4.4. Let fj, 6 C be an isolated eigenvalue of finite algebraic multiplicity of the operator As- 
Assume the unique continuation hypothesis holds for A* — fi and A* — ~p. Then pi is a pole of finite 
multiplicity of Mb(-) and the order of the pole of R(-,Ab) at pi is the same as the order of the pole of 
Mb(') at p. 

Proof. We use the following representation of the M-function using the resolvent: 

(4.5) M B (\)f = r 2 (/- (A B - \)-\A* - A)) 

where w is any element in D(A*) such that (r"i — BY2)w — f . Obviously, any pole of the M-function 
has to be a pole of at least the same order of the resolvent. It remains to show that the order of the 
singularity of the pole of the resolvent is preserved despite the presence of the other operators on the 
right hand side. To do this, we look at the Laurent series expansion. 

Let \x be an isolated eigenvalue of finite algebraic multiplicity of the operator As- In this case, there 
exists to such that the resolvent has a pole of order m + 1 at /i and, using the notation from Proposition 
I4.3[ f° r A in a neighbourhood of n the singular part in the representation of the resolvent (|4.4|) is given 

by 

V - . 

k ( A - »y i+1 

In particular, D m+1 = and D m ^ 0. Therefore, there exists ip such that D m (p ^ and D m ip solves 

(A* -[i)u = 
(ri - BT 2 )u = 

i.e. D m ip is an eigenfunction of Ab with eigenvalue ix. We want to show that after substituting the 
expansion of the resolvent (|4.4[) into Mb{h), the most singular term is non-trivial, i.e. Y {A* — if)w ^ 
for some w e D(A*). 

First, we show that there exists ip G H satisfying D m tp ^ such that the problem (^4* — fi)u = <p 
is solvable and (T\ ~ BT2)u ^ 0. To see this, choose ps such that D m ip ^ and approximate it by 
(<£> n ) C Ran (A* — //) which is possible by Lemma l4~2l Since D m : H — > H is continuous, D m ip n — > D m (p 
and for TV sufficiently large, D m p)M ^ 0. Simply choose <p> — ipw. Now assume u solves (^4* — fj,)u = pi 
and (Ti - BT 2 )u = 0. Then u G D{A B ) and 

= D m+l u = D m (A b - n)u = D m p ^ 0, 

giving a contradiction. 
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Now we can choose w in (14.511 as the solution u we have just found. Then Mb (A) (ri —BTzju contains 
the term 



T 2 D m (A* 



x)u Y 2 D m ((A* - M )u — (A - /*)«) 



(A - /z)"^ 1 (A - 

so the most singular term in is of order (A — /i) _m_1 and given by 

(A - i i)- m - 1 T 2 D m {A* - n)u = (A - n)- m - l T 2 D m ip. 

Now D m (p is a (non-trivial) eigenfunction of A B so by the unique continuation hypothesis, T 2 D m ip ^ 
0. □ 

Under slightly stronger hypotheses, we will show next that isolated eigenvalues of As correspond 
precisely to isolated poles of the M-function. We start by proving some identities involving the M- 
function. For the M-functions associated with two different boundary conditions we have the following 
identity: 

Proposition 4.5. For A G p{A B ) R p(A B+ c), we have on Ran (Fi — BT 2 ) 

(4.6) M B+C (X)(I - CM B {\)) = Mfl(A). 
Correspondingly, we have 

(4.7) S x ,B+c(I-Cr 2 Sx, B ) = Sx,B on Ran (T x - Br 2 ). 

Proo/. We prove BJ)) . Then (|4~6f follows by applying T 2 to both sides. Let / <E Ran (r x - BT 2 ), then 
(T x - BT 2 )S x<B f = /, so 

S\,b+c(I — CT 2 S\^ B )f — S\,b+c(^i — BT 2 — CT 2 )S\ :B f = S\, B f, 

since S x , B f G ker (1* - A). □ 

The next proposition gives a representation of the M- function in terms of the resolvent. 

Proposition 4.6. Let A, A £ p(Ab). Tfcerc on Ran (Ti - BT 2 ) 

(4.8) Ms (A) = T 2 (l+(X-Xo)(A B -X)- 1 )S x<uB = T 2 (A B — Xo)(A B — X)~ 1 S\ 0: b- 
Proof. Given / £ Ran (T 1 - BT 2 ), choose u £ D(A*) such that (r x - BT 2 )u = f. Set 

to = u - (A B - A) _1 (A* - X)u. 

Then w G ker (A* — A), (Ti — BT 2 )w = f and w is the unique function with these properties, as 
A G p(A B ). Moreover, M B (X)f = T 2 w. Choose u = Sx 0iB f. Then 

Mb(A)/ = r 2 (/-(AB-A)- 1 (l*-A))5 Ao ,B/ 
= r 2 (/ + (A- X a )(A B -A)- 1 )5 Ao . s / 
- r 2 ( J 4B-A )(,4B-A)- 1 5 An ,B/. 

□ 

We now give a representation of the resolvent in terms of the M-function. This type of formulae are 
usually called Krem's formulae. 



Theorem 4.7. Let B,C G C{K,H) ; X G np(A c ) n/)(^ B+c ). T/ien 

(4.9) (Ab-X)- 1 = (A c -A)- 1 -5 A: B+cU-CMB(A))(r 1 - J Br 2 )(A c -A)- 1 

(A c - A)" 1 - S X , B+C (I - CMb(A))(C - B)T 2 (A C - A)" 1 



□ 
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Proof. Let u G H . Set v := ((A B - A)" 1 - (Ac - A)" 1 ) u. Since v G kcr (A* — X), we have M B (X)(Ti - 
BT 2 )v = T 2 v. Then 

(4.10) (ri-(S + C)r 2 )t; = [Ti - BT 2 - CM B (X)(Ti - BT 2 )] v 

= (I - CMb(A))(Ti - BT 2 )v 

= (I- CM B (\))(T 1 - BY 2 ) {(A B - A)" 1 - (A c - A)" 1 ) u 

= -(I-CM B (\))(T 1 -BT 2 )(A c -\r 1 u. 

Set / := -(/ - CM B (X))(T 1 - BT 2 )(A C - X)~ 1 u. Then, by (l4~T0l) . / G Ran (T x - (B + C)T 2 ) and 
Sx, B +cf = v= ((A B - A)- 1 - (A c - A)- 1 ) u. Therefore, 

(A B - A)" 1 = (A c - A)" 1 - S X . B+C (I - CM B (X))(Y l - BT 2 )(A C - A)" 1 . 

Remark 4.8. If X G n p(^4c) H /o(As_c'), then we have 

(A B - A)" 1 = (A c - A)" 1 - Sx tB -c(I + CM B (X))(C - B)T 2 (A C - A)" 1 . 

The case B = is particularly simple: 

Corollary 4.9. Let C G C{K,H), X G p(A ) n p(A c ). Then 

(Aq-A)- 1 = (A c -A)- 1 -5 A , c (/-CM (A))r 1 (A c -A)- 1 . 

We our now ready to prove our main result. 

Theorem 4.10. Let fi G C. We assume that p(A B ) ^ and that there exist operators B,C G £(JC,li.) 
such that fj, G p(^4c) H /j(^4s+c) or fj, E p(Ac) PI c)' TVien /i is an isolated eigenvalue of finite 

algebraic multiplicity of the operator A B if and only if fi is a pole of finite multiplicity of M B (-). In 
this case, the order of the pole of R(-,A B ) at fi is the same as the order of the pole of M B (-) at \x. 

Proof. Let /i be an isolated eigenvalue of finite algebraic multiplicity m of the operator A B . Then, 
since \i G p(Ac) n p(A B ±c), and Sa,b±c ^ s analytic in A by Proposition 13. 3i (|4.9|) implies that M B (-) 
must have a pole of at least order m at p, while (|4.8|) implies that the pole is at most of order m. 

Similarly, if M B (-) has a pole of order m at p, (|4.8|) implies that the resolvent of must have a 
pole of order at least m at /1, while (|4.9|) implies that the pole is at most of order m. Therefore, p is 
an eigenvalue of A B (c.f. for example [THl Section 3.6.5]). □ 

Remark 4.11. Note that the assumption that C can be chosen such that p G p(Ac) implies the unique 
continuation property for A* — p. 

To see this, let u G ker (A* - p) n ker (Ti) n ker (T 2 ). Then u G ker (Ti - CT 2 ), so u G £>(Ac) and 
(A c - p)u = 0, so u = (A c - py 1 (A c - p)u = 0. 

5. Behaviour of the M-function near the essential spectrum 

By the essential spectrum of an operator a ess , we denote all points in the spectrum that are not 
isolated eigenvalues of finite multiplicity. In this section we will investigate what can be said about the 
essential spectrum from the behaviour of the M-function. In the case of symmetric operators, these 
questions have been addressed by Brasche, Malamud and Neidhardt in [7j. 

Theorem 5.1. Let k G C such that there exists So > 0, with k±ie G p(A B ) for all < s < so- Suppose 
there is a linear subspace Sj C H such that n D(A*) is dense in H and 

(1) for every f G Ran (ri — BY 2 ) we can find F G Sj n D(A*) satisfying 

. (T 1 -BT 2 )F = f, 
• u := (A* - k)F G fi; 

(2) (Ti — B*T 2 ) is surjective; 

jjnr>(A*) 

(3) for all v £ fin D(A*), A*v G fi; 

(4) lim E _ > o((^s — (fc ± ie))~ 1 w, v) exists for all w,v G fi. 
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Then for all f £ Ran (Ti — BT 2 ) the weak limits M B (k ± iO)f :— w — lim^o M B (k ± ie)f exist. 
Moreover, 

(A B - (k + iO)y 1 u = (A B - (k - iO)y 1 u implies M B (k + iO)f = M B (k - iO)f. 
Here, the left hand equality is to be interpreted as 

lim ((Ab — (k + ie))~ 1 u, v) = lim ((Ab — (k — ie))~ 1 u, v) for all v £ $j. 

Remark 5.2. In the case of an elliptic PDE in an unbounded domain with finite boundary, the subspace 
Sj could consist of all finitely supported functions. 

Condition (4) is our main assumption, while (1) is a kind of inverse trace theorem and (2) and (3) 
are technical assumptions. 

Proof. Given / £ Ran (T 1 - BY 2 ), choose F £ ft such that (Ti - BT 2 )F = f. Set 

w Bl ± := F — (A B -(k± ie))- 1 (A* - (k ± is))F. 

Then w e ,± £ ker(l* - (k ± ie)), M B (k ± ie)f = T 2 w E .± and rno £l± = (ri - BT 2 + BT 2 )w E .± = 
(I + BM B (k ± ie))f. Green's identity (|2~i) for any v £ D(A*) gives 

- (w Si ±,(A* - (k T i £ ))v) H = ((A* - (k±ie))w e ,±,v^ - (w E ,±,(A* - (k^ie))v) B 

Tiw^±,f 2 vj^ - (r 2 w E ,±,fivj 
\l + BM B (k±ie))f,f 2 v) - (M B (k±ie)f 1 f 1 v^ 
f,f 2 v) -(M B (k±ie)f,(f 1 -B*f 2 )v) . 

Setting u = (A* — k)F and inserting our expression for w Em ± on the left hand side, the equation becomes 

(5.1) (F-(A B -(k±ie))- 1 (uTieF),(A* -(kTie))v) H = - (/,f 2 ? 

+ (M B (k±ie)f, (f x - B*T 2 )v) 

Now assume u £ f)C\D(A*). Since u,F £ fy, we can take limits on the left hand side. The assumption 
that (ri — B*T 2 ) is surjective then gives weak convergence of M B (k ± ie)f in JC and we get 

SjnD(A*) 

(5.2) (F - (A B -(k± l 0))-y (A* - fc)*;)^ = - (/, f>) + (m b (A; ± iO)f, (f 1 - B*f 2 )v 
Furthermore, 

(5.3X((A B -(k + iO))- 1 - (A B -(k- iQ))- 1 )^ (A* - k)v) H 

= - ((M B (k + iO) - M B (k - iO))f, (?i - B*f 2 )v 

Since (f 1 - B*f 



H 



K. 

> ; is surjective, equality of the weak limits of the resolvent implies equality of 

SjnD(A') 

the weak limits of the M-function. □ 

We would like to prove a converse of Theorem l5.ll i.e. determine the behaviour of the resolvent from 
that of the M-function. However, we only get the following partial results: 

Proposition 5.3. Assume the unique continuation hypothesis holds for A* — k and A* — k and that 
the weak limits 

M B (k ± iO)g :=w- lim M B (k ± ie)g 
exist for every g £ Ran (ri — BT 2 ) and that there exists some f £ Ran (r"i — BT 2 ) such that 

M B (k + iO)f^M B (k-iO)f. 

Then k £ a ess (A B ). 
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Remark 5.4. Note that in [7] it is shown that for symmetric operators Im(Ms(fc + iO)/, /) > implies 
k e o- ess {A B )- 

Proof. As in the proof of Theorem 15. 1[ we arrive at equation (|5.1|) . By assumption, the limit on the 
right hand side exists. Assume that k £ p(Ag). Then we can take limits on the left hand side and get 
equation (|5.3p with the l.h.s. equal to contradicting Ms(k + iO)f ^ Ms{k — iO)f. Thus k £ cf(Ab) 
and k is not in the isolated point spectrum, as the weak limits of the M-function exist which would 
contradict Theorem 14.41 □ 



Remark 5.5. The problem in getting a stronger statement lies in the fact that the M-function does not 
contain all the singularities of the resolvent, but only those that are contained on a certain subspace. 
We plan to discuss this topic and other properties related to the continuous spectrum and behaviour of 
the M-function in a forthcoming paper. 

In what follows, we will show that for a block operator matrix it is possible to have a dense proper 
subspace S) for which the weak limit of the M-functions exists, but the weak limit for the resolvents 
does not exist. We also hope that this example, demonstrating the calculation of the M-function in a 
non-trivial block operators matrix setting, is of independent interest. 

A block matrix-differential operator related to the Hain-Lust operator. Let 



(5.4) 



.4* 



■£p+q(x) w(x) 
w(x) u(x) 



where q, u and w are L°°-functions, and the domain of the operator is given by 



(5.5) 
Also let 

(5.6) 

It is then easy to see that 

(*(! 

(5.7) 
where 

Consider the operator 
(5.8) 



D(A*) — H 2 (0, 1) x L 2 (0,1). 



A* = 



dx' 2 



Ti 



w(x) 



,A* 



q(x) w(x) 
u{x) 



2/(0) 



A a /3 := A* 



2/(1) 
2/(0) 



ker(r!-sr 2 ) 



where B = 



cot j3 






cot a 



independent of the choice of boundary conditions. 
We now calculate the function M(X) such that 

M(A)(ri-sr a ) 



V It is known (see, e.g., pQ) that a ess {A a p) — essran(u). This result is 



for 



j e ker(^4* — A). In our calculation we assume that A ^ a ess {A a p). The condition f 



ker(A* — A) yields the equations 

-y" + (q- x )y + wz 



0; wy + (u — \)z = 
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which, in particular, give 

o 

W 

(5.9) - y" + (q- X)y + - y = 0. 

A — U 

The linear space kerM*— A) is therefore spanned by the functions | Jj\ s ) and ( , 

K V wyi/(X-u) J \ wy 2 /(X-u) 

where yi and y 2 are solutions of the initial value problems consisting of the differential equation (|5.9[) 

equipped with initial conditions 

(5.10) yi(0) = cosa, y[(0) = sina, 

(5.11) 2/2(0) = — sina, y 2 (0) = cos a. 
A straightforward calculation shows that 

' y(l) \ _ / mil (A) mu(A) \ / -y'(l) - cos/3 y(l)/sM 



y(0) y V m 2i(A) m 22 (A) y ^ 2/'(0) + cosa 2/(0)/sina 

Note that the j/j depend on x and A but that the A-dependence is suppressed in the notation, except 
when necessary. Another elementary calculation now shows that 

(5.12) mii(A) - 



2/ 2 (l,A) + cot/?2/2(l,A) 

sin rv 

(5.13) m 2 i(A) = mia(A) 



2/ 2 (l,A)+cot/5 2/ 2 (l,A)' 

m ■ , . 2 j yi(l,A)+cot/3 yi (l,A) 

(5.14) m 22 (A) = sin a cos a + sin a < ,,. ., , —5 . , 

l^C 1 ) A ) +cot/3 2/2(1, A) 

As an aside, notice that all these expressions contain a denominator j/ 2 (l, A) + cot (3 2/2(1, A) and that 
A ^ essran(u) is an eigenvalue precisely when this denominator is zero. 

We now fix k S essran(w), let A = k ± ie, and consider the limits lim^o M(k ± «e). For simplicity 
we consider the case in which u is injective and k = u(xo) for some Xo G (0, 1) and we suppose that 
w(x) =0 for x G (a;o — <5, a^o + <5) for some small 8 > 0. In this case the coefficient 

w(x) 
u(ar) — A 

is well defined as a function of x for all A in a punctured neighbourhood in C of the point k = u(xq): 
in particular, w(x)/(u(x) — A) is identically zero for all A ^ k, for all x G (xq — 5, xq + 8). Consequently 
the solutions yi(x, A) and 2/2(2:, A) are well defined for all x G [0,1], for all A in a neighbourhood of 
k = u(xq). The M-function may have an isolated pole at some point A near k if 2/2(1, A ) + cot /3 2/2(1, A) 
happens to be zero; such a pole will be an eigenvalue of the operator A a p embedded in the essential 
spectrum and therefore a more complicated singularity of (A a p — A) -1 . Embedded eigenvalues may 
occur even without the hypothesis that w vanishes on some subinterval (xq —8,xo + 6): see [jy. However 
embedded eigenvalues are atypical and are generally destroyed by an arbitrarily small perturbation to 
the problem. In the absence of any embedded eigenvalues, M(A) will be analytic in the neighbourhood 
u(xq — 8, xq + 8) of the point k = u(xq) and we shall have, in the sense of norm limits, 

lim M(fi + ie) = lim M(fx — ie) V/i G u(xa — 8, xq + 8). 

e\0 e\0 



For the resolvent, suppose that 



Then y must satisfy 



-y" + (q- X)y -y = f 1 -f 2 , 

u — X u — A 
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together with the boundary conditions, which is a uniquely solvable problem in the absence of embedded 
eigenvalues (recall that w/(u — A) is well defined as a function of x for all A in a neighbourhood of k). 
In particular, y{x, A) does not have a singularity of any type at A = u(xq). 
Now z is given by 

(5.15 z = -y. 

u — A u — A 

We examine the question of existence of weak limits of the type described in Theorem 15.11 

]im((A B -X)- l f,g) 

where / = (/i,/2) and g = (171,32) he in some space $j and A = u(xq) ± is. Evidently the first 
component y of the vector (Ag — A) -1 / will cause no problems whatever Sj we choose: 

1 



y(x,X)gi (x)dx 

will be analytic in a neighbourhood of A = u(xq). Thus we turn to the second component z(x. A). Take 
Sj to be the space of two-component smooth functions. Suppose that u is differentiable at xo € (0, 1) 
with u'(xq) 0. If z is given by (|5.15[) then the inner product 

-1 

z(x, X)g2{x)dx 

with A = u(xq) + ie has a limit as e tends to zero from above; similarly as it has a (generally different) 
limit as s tends to zero from below. The difference of the limits is 

(5.16) 27ri/ 2 (£0)32(2:0 )• 

However the M-function has no singularity at all. We have therefore constructed an example in which 
the resolvent has non-equal weak limits but the M-function has equal norm limits. 
It is worth emphasizing that for this example, 



Ran(A* — k) = H. 

This is not enough to avoid the phenomenon that some singularities of the resolvent are 'canceled' in 
the M -function. 



6. Relatively bounded perturbations 

Let U be a symmetric operator in H and (H, r^Ta) be a boundary value space for U (c.f. [131 pp 
155]). Assume that V is symmetric with the following properties: 

• V is relatively [/-bounded with relative bound less than 1 

• V* is relatively [7*-bounded with relative bound less than 1 

We will show that in this case it is sufficient to consider boundary operators only associated with the 
symmetric part U of the operator A = U + iV. 

Example 6.1. Let U be a symmetric second order elliptic differential operator on a smooth domain 
Q C R n with D(U) — Hq(Q). Ifn > 1, only operators of the form Vu = qu, q £ L°°(Q, R) satisfy these 
conditions. Ifn — 1, V can also involve first order terms. 

Let A = U + iV and A = U - iV. By the assumptions on V, D(A) = D(A) = D(U) and 
A* = U* - iV*, A* = U* + iV*. with D{A*) = D(A*) = D(U*). Moreover, A C A* and A C A*. For 
B G C(TC), let Ab — ^4*|kcr(ri-sr 2 ) an d define Mb (A) and 5a, s as before with the boundary operators 
Ti, T 2 now only associated with the symmetric part of A. Then all the results of Section [4] hold in this 
situation as well and the proofs are identical as the specific form of the Green formula plays no role in 
their derivation. Therefore, we have 
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Theorem 6.2. Let p g C be an isolated eigenvalue of finite algebraic multiplicity of the operator Ab- 
Assume the unique continuation hypothesis holds for A* — p and A* — ~p. Then p is a pole of finite 
multiplicity of Mb(-) and the order of the pole of R(-,Ab) at p is the same as the order of the pole of 
M B {-) at p. 

Proposition 6.3. For A G p(Ab) f~l p(Ab+c), we have 

M B+ c{X){I - CM B {\)) = Mfl(A). 

Correspondingly, we have 

S\,b+c{I — CY^Sx^B) = S\,B- 

Proposition 6.4. Let A, Ao G p(A B ). Then 

M B (X) = T 2 (I+{X-Xo){A b -X)- 1 )Sx ,b = T 2 (A B - X )(A B - A)- 1 5a ,b. 

Proposition 6.5. Let B,C G C(H), A G p(A B ) n p(A c ) n p(A B +c)- Then 

(Ab-X)- 1 = (A c -A)- 1 -5 A:S+c (/-CM s (A))(r 1 - J Br 2 )(A c -A)- 1 

= (A c - A)- 1 - S X , B+C (I - CM B {X)){C - B)T 2 (A C - A) -1 . 

Theorem 6.6. Let fj, G C and assume there exist operators B,C G C(TL) such that p G p(Ac)C\p(Ab+c) 
or p G p(Ac)C\p(Ab-c) ■ Then p is an isolated eigenvalue of finite algebraic multiplicity of the operator 
Ab if and only if p is a pole of finite multiplicity of Mb{-)- In this case, the order of the pole of R(- , As) 
at p is the same as the order of the pole of AIb(-) at p. 

7. Application to PDEs 

The theory previously developed is not immediately applicable to the usual boundary value problems 
arising in PDEs. The reason is the following: Consider the case of the Laplacian A = A with D(A) = 
Hq(H) where f2 is a smooth bounded domain. The usual Green's identity is given by 

f (-Auv + uAv) = [ (-^v + u^-), u,veH 2 (fl). 
Jn Jan V dv dv ) 

However, we want identity HHD to hold for all u,v G D(A*) = D(A*) = {u G L 2 (n) : Au G L 2 (Vt)} 
which in general is not even a subset of Therefore, the integral J dn j£;V is not well-defined for 

all these functions. 

The aim of this section is to show that by suitably modifying the boundary operators, our previous 
results hold for elliptic differential operators of order 2m. This idea was first used by Vishik [37]. So as 
not to obscure the ideas with technicalities and notation we will only consider a first order perturbation 
of the Laplacian. The same method is applicable to any elliptic operator satisfying the conditions given 
in [141 §1.3] by Grubb. In fact, all the results required in the following are taken from that paper. 

Let 

A = A+p-W, D{A)=H 2 {n), P G(C°°(n)) n 
A = A-div(p-), D(A) = H 2 (Q), 
where f2 is a smooth bounded domain. Let 



7iu 



du 

— + (p ■ v)u 
ov 



, 72" 

<m 



on 



~ dv 
ov 



an 



72 v 



on 



Then for u, v G H 2 (fl) we have 

(A*u,v) L 2 {n) - (u, A*v) L 2 (n) = (7iu,7 2 w) L 2 (ao) - (j2U,jiv) L 2 {dn) . 
It is easy to check that 

D(A*) = {u G L 2 (n) : (A + p ■ V)u G L 2 (n)}, 
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D(A*) = {v e L 2 (n) : Av - div (p v) G L 2 {9)}. 

Let Ajj := ^*| ker 2 be the restriction of A* satisfying Dirichlet boundary conditions. Similarly, let 

A D := A*| kcr ~ 2 - Then by elliptic regularity D(A D ) = H 2 (n) ni$(fi) = D(A D ). Without loss of 

generality, assume that G p(Ad) H p(Ajj) (if not, this can be achieved by a translation). By [TU 
Lemma II.l.l], D(A*) = D(A D ) + kerA* and D(A*) = D(A D ) + kerA*. 

Definition 7.1. For cp G i?- 1 / 2 (9Q) define m Q tp G i?" 3 / 2 (5fi) by 



in,-..: = - i it = ( ^ + (p ■ v)u 



, where u solves A*u — 0, 72it = </? 



and let m§tp G if 3 / 2 (<9f2) satisfy 



, where v solves A*v = 0, 72 v = w. 

an 



Definition 7.2. For it G £>(A*), Zei 

Lm := jiu — moj2U 

and for v £ D(A*), let 

Tv :— jiv — mtyy 2 v. 

Remark 7.3. (1) The operators mo,rho,T andT are well-defined (c.f [14, §111. 1]). 

(2) mo and fho are the Dirichlet to Neumann maps associated with A* and A* (with X — 0). 

(3) The operator T regularizes 71 in the following sense: Tu — for u G kerA*, therefore Tu is 
determined only by the regular part of u lying in D(Ad). In fact we have: 

Theorem 7.4 (Grubb 1968). Equip D(A*) and D(A*) with the graph norm. Then T : D(A*) -> 
H 1 ^ 2 (dfl) is continuous and surjective. The same is true for T : D(A*) -> H^ 2 {dil). Moreover, for 
all u G D(A*), v G D(A*) we have 

(7-1) (A*u, u) L 2(n) - {u,A*v) L 2 {n) = (Tu,^ 2 v)i _± - (72", f v)_ 1 _ 1 , 

where (•, •)«,-□, denotes the duality pairing between H a (d£l) and H~ a (dtt). 

Proof. See QH Theorem III.1.2]. □ 

To obtain an abstract Green formula of the form (|2.ip . we now need to rewrite the duality pairings 
as scalar products in L 2 (dfl). Since L 2 (dfl) and H 1 / 2 (dQ) arc both infinite dimensional Hilbert spaces, 
there exists a unitary isomorphism J : iJ 1 / 2 ^) -> L 2 (9Q). Then (J*) -1 : ii" 1 / 2 ^) -> L 2 (dr2) is 
also a unitary isomorphism and 

= (J/, (JT x 9Uw 

Theorem 7.5. For u e D(A*) let 

Tiu :— JTu, T 2 u :— (J*) 1 72^ 

and for v G D(A*) let 

f i« := JLw, I> := (J*)" 1 ^. 

XTien 

(A*u,w) L 2 (0) - (m,A*u) L 2 (J2) = {T 1 u,Y 2 v) L 2 (dn) - (r 2 u,T 1 v) L 2 (m) . 

Moreover, 

(1) r, : D(A*) -> L 2 (dfl) and L, : D(A*) -> L 2 (W) are surjective for i = 1,2 

(2) Ti : D(j4*) — ► L 2 (dfl) and I\j : D(A*) — > L 2 (dil) are continuous with respect to the graph norm 
fori = 1,2 

(3) given (/,<?) G (L 2 (<9f2)) 2 , iftere exist u G _D(A*) swc/i that Tiu = f and T 2 u = g and v G D(A*) 
such that T\v = f and T 2 v = g (inverse trace theorem). 
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Proof. The Green identity follows from the previous theorem and the definition of J. 

Properties (1) and (2) are consequences of T and T being continuous and surjective onto i? 1 / 2 (9il) 
and 72 and 72 being continuous and surjective onto H^ 1 / 2 (dQ) (c.f. [HI Proposition III. 1.1]). 

The inverse trace property (3) follows from the corresponding property for T and 72 and T and 72, 
respectively (c.f. [HJ Proposition III. 1.2]). □ 

Remark 7.6. • All conditions we required in the previous sections on the boundary operators 

are satisfied by T\, T2, Ti and IV So all the results on the corresponding M -functions hold. 

• Note that A* | ker r is the operator with Dirichlet boundary conditions - the Friedrichs extension 

of A, while A*\, _ is the Krein extension of A. 

• By exchanging the roles ofT\ and T% it is possible to express the Neumann boundary condition 
in the form T± — BY 2 for bounded B . 

• An abstract form of this procedure for regularizing the boundary operators has been introduced 
by Ryzhov [33] , 
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